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Abstract 

In this paper we present an alternative viewpoint on recent studies of 
regularity of solutions to the Navier-Stokes equations in critical spaces. 
In particular, we prove that mild solutions which remain bounded in 
the space do not become singular in finite time, a result which was 
proved in a more general setting by L. Escauriaza, G. Seregin and V. 
Sverak using a different approach. We use the method of "concentration- 
compactness" -I- "rigidity theorem" which was recently developed by C. 
Kenig and F. Merle to treat critical dispersive equations. To the authors' 
knowledge, this is the first instance in which this method has been applied 
to a parabolic equation. 



Resume: Dans cet expose, nous presentons un point de vue different 
sur les etudes recentes concernant la regularite des solutions des equations 
de Navier-Stokes dans les espaces critiques. En particulier, nous demontrons 
que les solutions faibles qui restent bornes dans I'espace H^^^ ne devien- 
nent pas singulieres en temps fini. Ce resultat a ete demontre dans un 
cas plus general par L. Escauriaza, G. Seregin et V. Sverak en utilisant 
une approche differente. Nous utilisons la methode de <^ concentration- 
compacite S> -I- ^ theoreme de rigidite 3> qui a ete recemment developpe 
par C. Kenig et F. Merle pour traiter les equations dispersives critiques. 
A la connaissance des auteurs, c'est la premiere fois que cette methode 
est appliquee a une equation parabolique. 



Introduction 



In recent studies, the idea of establishing the existence of so-called "critical 
elements" (or the earlier "minimal blow-up solutions") has led to significant 
progress in the theory of "critical" dispersive and hyperbolic equations such 
as the energy-critical nonlinear Schrodinger equation [31 131 121 [2Z1 SSI IM] , mass- 
critical nonlinear Schrodinger equation [301 [311 [221 ISIl [52] , -critical nonlinear 
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Schrodinger equation [53] , energy-critical nonlinear wave equation [5S] , energy- 
critical and mass-critical Hartree equations [39l|40l|4Tl|42j|43] and energy-critical 
wave maps [TUl 1351 il HO] ■ 

In this paper we exhibit the generality of the method of "critical elements" 
by applying it to a parabolic system, namely the standar43 Navier-Stokes equa- 
tions (NSE): 

/„^x Ut — Au + {u ■ \7)u + S/p = 

^ ' W-u ^ 

Typically, u is interpreted as the velocity vector field of a fluid filling a region 
in space, and p is the associated scalar pressure function. 

The "critical" spaces are those which are invariant under the natural scal- 
ing of the equation. For NSE, if u{x,t) is a solution, then so is u\{x,t) := 
Xu{Xx,X'^t) for any A > 0. The critical spaces are of the type X, where 
IIwaIIjE = ll^illi"- For the Navier-Stokes equations, one can take, for example, 
X = L°°{{0,+oo);L^{R^)) or the smaller space X = L°°((0, +oo); in 
fact, one has the "chain of critical spaces" given by the continuous embeddings 

These are the spaces in which the initial data of solutions in the critical settings 
live, and we will also refer to them as "critical spaces" - that is, spaces of func- 
tions on R3 whose norms satisfy ||A/(A-)|| = ||/||. 

In the recent important paper |14) . L. Escauriaza, G. Seregin and V. Sverak 
showed that any "Leray-Hopf weak solution which remains bounded in L3(K3) 
cannot develop a singularity in finite time. Their proof used a blow-up proce- 
dure and reduction to a backwards uniqueness question for the heat equation, 
and was then completed using Carleman-type inequalities and the theory of 
unique continuation. Here, we approach the same problem using the method of 
"critical elements" . Although we do also use the main tools appearing in [M] to 
complete our proof, we hope that it is more intuitively clear in our exposition 
why those particular tools are needed. 

The precise statement of the main result we address in this paper is the fol- 
lowing: 

Theorem 0.1. Let uq E satisfy V • mq = and let u = NS{uo) be the 
associated "mild solution" to NSE satisfying u(0) ~ uq. Suppose that there is 
some A > such that \\u{t)\\ < A for all t > such that u is defined. 

Then u is defined (and smooth) for all positive times. 

^For simplicity, we have set the coefficient of kinematic viscosity v = 1. 
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(Theorem 10. II of course follows from the result in [H].) We believe the methods 
given below will work as well if we replace by in Theorem 10 . 1 1 and hence 
can be used to give an alternative proof of the result in [M] in the case of mild 
solutions. For technical reasons (described below) we start with the above result 
and plan to return to the more general case in a future publication. 

The "mild solutions" to NSE which we consider in our approach have the form 

(0.2) u{t) = L{t)uo + [ Lit- s)f{u{s)) ds 

Jo 

for some divergence- free initial datum uq: with the linear solution operator L 
and nonlinearity / given by 

(0.3) L{t) = e*^ , /(u(s)) = -P(u • Vu)(s) . 

Here e*'^ito is the convolution of uq with the heat kernel, and the equation 
(|0.2p . (|0.3p comes formally from applying the Helmholtz projection operator P 
to (jO.ip which fixes ut — Au and eliminates the term Vp, and then solving the 
resulting non-homogeneous heat equation by Duhamel's formula. Under suffi- 
cient regularity assumptions, mild solutions are in fact classical solutions, and 
the existence of such a solution on some time interval is typically established 
via the contraction-mapping principle in an appropriate function space. 

We follow the method of C. Kenig and F. Merle. In a series of recent works 
[26} [27l [28] , they use the method of "critical elements" to approach the ques- 
tion of global existence and "scattering" (approaching a linear solution at large 
times) for nonlinear hyperbolic and dispersive equations in critical settings. For 
example, for the 3D non-linear Schrodinger equation iut + Au = f{u) (NLS), 
they considered ()0.2p with 

(0.4) L = e'*^ , 

the free Schrodinger operator, and both 

(0.5) f{u) = -\u\\ ( X = L°^iiO,+oo);H\M.^)) ) 

(the focusing case), and 

(0.6) /(u) = |upu ( X = i°°((0,-Koo);ij5(R3)) ) 

(the defocusing case), the exponents needed for the "ij^-critical" and "ifi- 
critical" settings, respectively. Note that in the case ()0.6|) of cubic nonlinearity, 
the equation is invariant under the same scaling as the Navier-Stokes equations. 

In all cases, the general strategy was essentially the same, which we'll describe 
now in the setting: 



3 



For any uq G H2(M.^^^ one uses fixed-point arguments to assign a maximal 
time T*{uo) < +00 such that a solution u to (|0.2p which remains in for pos- 
itive time exists and is unique in some scaling-invariant space Xt for any fixed 
T < T*{uo), where Xt denotes a space of functions defined on the space-time 
region x (0,r). Define 

|||u||| := sup \\u{t)\\ 1 . 
te[o,T-(«o)) 

The type of result proved in [26] (variants of which were proved in [27l [28] and 
which we will prove here as well) is that 1 1 |m| 1 1 < +00 implies that T*{uo) = +00 
and \\u{t) — L(i)uQ 11^1 ^j^3^ — >■ as i — > +00 for some Mq G H2{R^). In other 

words, u exists globally and scatters. Typically this is known to be true for 
|||u||| < eo for sufficiently small eo > 0. In the case of NSE, the scattering 
condition is replaced by decay to zero in norm - in other words, we set u'^ = 0. 
For globally defined TJ^-valued solutions, such decay was proved in [21J (see 
also [20II22]). 

It is worth pointing out that the decay, which is proved quite easily in 
|21| by decomposing the initial data into a large part in and a small part 
in 7? 2^ solving the corresponding equations and employing the standard energy 
arguments, is actually used heavily in our proofs, and significantly reduces the 
difficulty from the NLS case treated in [26] . 

The general method of proof, which can be referred to as "concentration- 
compactness" -|- "rigidity" , is comprised of the following three main steps for a 
proof by contradiction: 



1. Existence of a "critical element" 

Assuming a finite maximal threshold Ac > Q for which |||w||| < Ac im- 
plies global existence and scattering but such a statement fails for any 
A > Ac^ there exists a solution Uc with |||mc||| = ^c, for which global 
existence or scattering fails. 

2. Compactness of critical elements 

Such a critical element Uc produces a "compact family" ~ that is, up to 
norm-invariant rescalings and translations in space (and possibly in time) , 
the set {uc{t)} is pre-compact in a critical space. 

3. Rigidity 

The existence of the compact family produces a contradiction to known 
results. 
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Steps 1-2 are accomplished by considering a minimizing sequence of solutions 
{un} with initial data {Mo,n} such that |||Mn||| < A„, A„ \, Ac for which global 
existence or scattering fails (typically quantified by HunllAr,,* — +00). 

Then the main tool for realizing this program is a "profile decomposition" as- 
sociated to that sequence, which explores the lack of compactness in the em- 
bedding ij2(M3) ^ i^(R'^). For example, in [26] the following decomposition 
(based on [29]) was used for treatment of the NLS case: There exists a sequence 
{^o.il^i C H^/^, with associated linear solutions Vj{x,t) = e^*^Vo,j, and se- 
quences of scales Aj^„ € R"*" and shifts Xj^n G and tj.„ € R, such that (after 
a subsequence in n) 

j=l V "^-J'" ■^j^-ri J 

where the "profiles" in the sum are orthogonal in a certain sense due to the 
choices of Aj_„, and and w:^ is a small error for large J and n. (From 
this, a similar decomposition is then established for the time evolution of Mo,n-) 
Using this setup, it is shown that in fact the solution to NLS with initial datum 
Vbjo is a critical element for some jo € N, which establishes Step 1. Com- 
pactness (Step 2) is established using the same tools. (We wiU discuss Step 3 
momentarily.) 

Our ultimate goal here is to give such a proof in the context of the Navier- 
Stokes equations, where we would consider dHS]), dESj) for Uq G X^^rs^^ ^j^j^ 
Xt = C{[0,T];L^(R^)) n L'^IR^ x (0,T)) and T*{ua) defined accordingly, and 

|||-u||| sup \\u{t)\\L3{R3) . 

tG[0,T'(uo)) 

Since a profile decomposition has already been established by I. Gallagher in 
[19] for solutions to the Navier-Stokes equations evolving from a bounded set 
in i7 2 (based on the decomposition for the initial data in 23 ), we restrict our- 
selves in this paper to the case of data in if 2 . We expect that the result in [TO] 
can be extended to the L'^ setting, which would then allow for an extension of 
our approach to that case. We plan to return to this in a future publication. 



We take 

Xt := C{[0,T]; H^R^)) n L^{{0,T); H^R^)) 
and as before let 

|||u|||:= sup \\u{t)\\ 1 

tG[0,T*(«o)) 

The profile decomposition of [T^] for solutions corresponding to a bounded se- 
quence {uo.n} C ij5(M3) of diver gence-free fields takes the form (after a subse- 
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quence in n) 



j=i '^i'" \ '^J'" ■^j," ) 

where u„ and \] j are the solutions to the Navier-Stokes equations with initial 
data uo.ri and Vbj , respectively, and w'l^ and are again small errors for large 
J and n. (We remark that the absence in the above decomposition of the time 
shifts tj^n which appeared in (10.71) greatly simplifies matters on a technical level; 
in [26] ■ this was a significant consideration.) The above program is then com- 
pleted in Theorems 13.11 W% and 13.31 as follows: 

By known local-existence and small-data results, there exists a small ep > 
such that |||u||| < eq implies that the solution exists for all time and tends to 
zero in the norm. We thereby assume a finite critical value ^ eo > 
(as in Step 1) such that any solution u with |||w||| < must exist globally and 
decay to zero in 775, and is the maximum such value. 

The failure of the global existence and decay property, which occurs for some 
solution u with |||u||| = A for any A > Ac, is expressed by ||u|!<fT*(u(o)) = +oo, 
where we define for T > 

(so < +00 whenever |||m||| < Ac - and therefore also, by stan- 

dard embeddings, u S L^(R'^ x (0,T)) so such solutions are smooth by the 
"Ladyzhenskaya-Prodi-Serrin condition" , see e.g. [T4]). 

In Theorems 13.11 and 13.21 we establish the existence of a solution ( "critical 
element") Uc with initial datum uq^c and T*(wo.c) < +oo such that 

|||mc||| = sup \\uc{t)\\ -1 = Ac and \\uc\\,^j.., , = -l-oo 
te[o,T*(«o,c)) " 

and, further, that for any such solution, there exist x{t) eM.^, < X{t) — > +oo 
as t T*(uo,c) and s(t) G [i,T*(uo.c)) such that, for u = Uc and uq — uq^c, 

(0.8) if:=|_i_„(^^_^,,(t)^, ie[0,T*(«o))} 

is pre-compact in L'^(M''). 

The pre-compactness in of such a if is shown to be inconsistent with T* (uq) < 
+0O in Theorem 13. 3i by using the backwards uniqueness results for parabolic 
equations established in |12[ I13j as well as the theory of unique continuation 
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for parabolic equations to show that in fact Uc = 0. (In general, Step 3 re- 
quires something specific to the particular case being studied - for example the 
Morawetz-type estimate for NLS used in - as opposed to the methods used 
to establish Steps 1 and 2 which are fairly general in nature.) 

One interesting scenario in which such a K would be compact in is if, 
in dnH), one could take X{t) = (T* - for some uq G (with T* = 

T*{uq) < +00), x{t) = and s{t) = t, and one imposes that K = {U} (i.e., 
u{x,t) = -^==1/ {^^==j)) for some given non-zero U G L^. This is the case of 
a "self-similar" solution which was first ruled out in the important paper [45] by 
J. Necas, M. Riizicka and V. Sverak in the (spatially global) setting (see [S3] 
for more general results). Theorem 13.31 can therefore be thought of as a gener- 
alization of the result in [45]. (Such solutions are of course ruled out as well by 
the more recent paper [14j. but the proof here is much simpler for that purpose.) 

Acknowledgements: We would like to thank Professors Isabelle Gallagher 
and Vladimir Sverak for many helpful comments and discussions. The second 
author would like to extend a personal and special thank you as well to Vladimir 
Sverak for his continuing help, guidance and support. 

1 Preliminaries 

We'll say that u is a "mild" solution of NSE on [to ,to + T] for some to e R and 
T > if, for some divergence- free initial datum uq, u solves (in some function 
space) for t € [to, to + T] the integral equation 

(1.1) u{t) = e(*-*°)^ito -f f e^'-'^^PV • (-m(s) ® u{s)) ds . 

J to 

We have used the following notation: For a tensor F = [Fij] we define the 
vector V • F by (V • F)i — Y^- djFij, and for vectors u and v, we define their 
tensor product u<Si v by {u <Si v)ij = UiVj. 

We'll consider solutions in spatial dimension three {x € K'^), so u = (ui, U2, W3), 
Ui = Ui{x, t), 1 < « < 3. In that case, the projection operator P onto divergence- 
free fields is defined on a vector field / by (P/)j = fj + Yk=i'^j'^kfk, 1 < 
j < 3, and the Riesz transform TZj is defined on a scalar g via Fourier trans- 
forms by (7?.j.g)^(0 = ■]|i3(C)- (One can also formally write this as P/ = 
/ - V^(V • /).) The heat kernel e*^ is defined by e*^g(x) = [e-l l'*g(-)]^ (a;) = 
((47rt)^'^/^ exp{— I • |^/4t} * g){x), and extended to act component-wise on vector 
fields. 

Formally, (II. ip comes from applying P to the classical Navier-Stokes equations 
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which one can write as 

„^ Mt-Au + Vp = V-(-u(8)u) 

V-M = 

(since V ■ {u® u) = {u ■ V)u due to the condition V • u = 0) and solving the 
resuhing heat equation (since P(Vp) — 0) by Duhamel's formula. 

In what follows, we'll set = Lp{R^) and ||,g||p = ||g||Lp for any p € [1,+cxd], 
= H'{9?) = {g & y" \ {D'g)^{-) = I • |tg(-) e for any s e R where 
S^' denotes the space of tempered distributions, and for / — f[x,t) and any 
Banach space X, / G LP((a, 6); X) ^ \\f{t)\\x = \\f{-,t)\\x ^ LP{a,h). ¥oy 
any collection of Banach spaces {Xm)m=i ^''^d X := Xi n • • • n Xm, we'll always 
set \\g\\x = (Em=i Similarly, for vector-valued / = (/i, . . . , /m), we 

define — (X]m=i ll/mlll:)^- Fo'" ^^^Y reference, we collect and state here 

the definitions of the main spaces to which we refer throughout the paper: 

<fT-i°°((0,T);ij^)nL2((o,r);iji) ; 
41/2) :=C([0,T);ij5)nL2((0,r);ij5) ; := C{[Q,T)- L^)CM^ {W^ x{Q,T)) . 

2 Local theory 

In this section, we consolidate various known local existence results for the 
Navier-Stokes equations. We also unify the various theories through known 
"persistency" results. Although the results presented in this section are well- 
known to experts, it seems to us that simple, self-contained proofs are often 
difficult to locate, so we present them here for the convenience of the reader. 
Our main results are given in Section 3, and the expert reader may prefer to 
skip directly to that section now. 

The goal in what follows is to establish the existence of "local" solutions to 
in some (space-time) Banach space X = Xt of functions defined on R'^ x [0, T) 
for some possibly small T > 0, with divergence- free initial datum uo in a Banach 
space X. In what follows, we will let X equal Li^ or H2, (See, e.g., |6] and 

[33] respectively for local well-posedness in Bp^oo '' and BMO~^, and the recent 
ill-posedness result [4] for B^^oo-) We'U re- write (jl.ip as 

(2.1) x = y + B{x,x) 

and, under the assumption that y G X, try to solve the equation for some x S X 
(where X will be chosen so that uq d X implies e^^u^ e X). This will be 
accomplished by the following abstract lemma, using the contraction mapping 
principle: 
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Lemma 2.1. Let X be a Banach space with norm \\x\\ = \\x\\x, and let B : 
X X X — > X 6e a continuous bilinear form such that there exists r] = rjx > so 
that 

(2.2) ||i?(x,2/)|| <r;||a;||||y|| 

for all X and y in X. Then for any fixed y G X such that \\y\\ < 1/(47]), equation 
fi2. 1]) has a uniqu^ solution i G X satisfying \\x\\ < R, with 



(2.3) R := ^ ^ > . 

^ ' 27? 

Proof: Let F{x) = y + B{x, x) . Using (|2.2p and the triangle inequality, one 
can verify directly that F maps Bj^ := {x G X \ \\x\\ < R} into itself. Moreover, 
_F is a contraction on B^ as follows; Suppose x, x' € Bf/. Then 

\\F{x) - F{x')\\ = \\B{x,x) - B{x\x')\\ = \\B{x - x' ,x) + B{x' ,x - x')\\ < 

< ri\\x - x'\\\\x\\ + r]\\x'\\\\x - x'W < 2riR\\x ~ x'\\ , 

and clearly 2r/i? < 1 by (|2.3|) . Hence the contraction mapping principle guaran- 
tees the existence of a unique fixed-point x € Bji of the mapping F satisfying 
F{x) = X, which proves the lemma. □ 

2.1 Local theory in 

E^uppose Mo e H^, and let c^t = L°°((0, T); iJ^) n ^^((o, T); i/i), with norm 



(2-4) 11^11-^= U'^".-((o,T);.i) + II^IIIw);i^i) 

Note that S't C .^t ■= i^((0,r); H^), since Holder's inequality gives 

(2-5) < ll/P 1 ll/P 

By the well-known (see, e.g. |8j, p. 120) inequality ||/ii/i2||^i ^ ||^i H/^i ||'i2||^fi , 
we have 



ds < 













n 















and hence 

(2.6) ll/®5ll^.((o,,)^^^)< 11/11,^.11.911^. 



■^In fact, the uniqueness can be improved to the larger ball of radius see e.g. [7], formula 
(122). 

''This version of the local theory for initial data in H2 can be found in | 37| . For other 
versions, see for example the classical paper I16| and a more modern exposition in [6]. 
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Denoting 

BiLgm := f e(*-^)^PV.(-/(s)®g(s)) ds , 
Jo 

we can write 



Jo 



where F{s) :— PV • (—A) ^D'^{f{s) (g) g{s)). Now by the maximal regularity 
theorem for e*'^ (see, e.g., |37], Theorem 7.3), we have 

3 

l|-D2_B(/, g)||i2(Jj3x(0,T)) ^ I|-P'IIl2(r3x(0,T)) I 

and so since F ~ if g), (|2.6p gives 

(2.7) <ll/IUJl5lU. • 
Let's recall the following lemma (see [37], Lemma 14.1): 

Lemma 2.2. Zei T e (0, +cx)] and 1 < j < 3. // /i G L'^{M.^ x (0,r)), t/ien 
/oe(*-^'^aj/i dseCb{[0,T);L^). 

(Cb indicates bounded continuous functions.) For f,g E J^t, p.6p shows that 
D^{,f®g) e L2(]^3 X (o,r)), so Lemma [221 gives D 5 B(/,g) e C{[Q,T);L^) and 
hence S(/, g) G C([0, T); 2 ). Moreover, the proof of Lemma [2^ also gives the 
estimate 

which, together with (12.61) gives 

(2.8) l|B(/,5)ll^^((o^^)^^i)<ll/ll^.ll5ll^. • 
Using ([23)) . (|2J)) and ([2?8)) . we now conclude that 

(2.9) \\B{f,g)\\,^,<in\\IUT\\9UT 

for some 77 > 0. (We remark that 77 is independent of T.) By the standard 
energy estimates for the heat equation, uq £ H2 implies that U E St C J^t, 
where U{t) :— c^^uq. Therefore we can take T small enough that ||C/||^t < 
(or, if Ijuoll . 1 is small enough one may take T = +00, giving a "small data" 
global existence result), and hence by Lemma [2. II with X = J^t, there exists a 
unique smah mild solution u E .^t of NSE on [0,T). Note that ([^ and ([^ 
show that B{u, u) E St as well, so that more specifically u = U + B{u, u) E St- 
Moreover, u E C([0, T); _ff 2 ) by Lemma [23] and the standard theory for the heat 
equation (see, e.g., [36]). 
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2.2 Local theory in H2 n L°° 

The above result can be refined to give a solution which not only remains in 
7?2 ^ but belongs to L°° as well for t > 0. This will be shown by considering the 
spaces 

:= STf^{g\ Vigix, t) e L^{R^ x (0, T))} 
■=^j.n{g I Vig{x,t) e L°°(R3 x (o,r))} . 
We will show that there exists some 7700 > such that 

(2.10) \\Bif,g)\\^^ < r,^\\fl^^\\g\\^^ , 

and hence there exists a unique small solution u E by Lemma 12.11 so long 
as U {t) — e*^uo satisfies 

(2.11) \\UU^< ^ 



'T ■ 



4?7oo 

Note that Young's inequality gives 

(2.12) ||e*^^^o||oo<i-'/'ho||3 , 

hence uq £ C implies that indeed U G . Moreover, as before, the 
resulting solution in the case of (|2.11l) will belong more specifically to 

We claim now that 

(2.13) lim |l\/te*^Mo|loo = V wq G , 

which will show that (12.111) will hold for any uq G i/^ for T sufficiently small. To 
prove (|2.13p . for any e > 0, take R and M large enough that ||uo(l — X*^''^)||3 < 
e/2, where x*^'^(a;) = 1 for a; e {|a;| < i?} n {x | |Mo(a;)| < and otherwise. 
Then by Young's inequality we have 

||Vie*^Ho||oo < ||VZe*^(j.oX*'''')lloo + ||Vte*^(Ho(l-X*''''))lloo < Vt||e*^|| i.Af+| < e 

for small enough t > 0. The bilinear estimate (I2.10p is a consequence of the 
continuous embedding iJa c 1? ., estimates (|2.8p and (|2.9I) and the following 
claim: 

Claim 2.3. 

sup \/t||S(/,g)(i)||oo < ||B(/,5)IIl-((o.t):L3)+ sup Vt||/(i)||oo- sup Vi||g(i)l|oo 
te(0,T) t6(0,T) te(o,T) 



Proof: We'll need the following facts: 

(j) ||e*^wo||oo <i"3||uo||3 



(2.14) 



(m) e*^PV ■h = ^H (^—^ * h, where \H{y)\ < (1 



\y\)-'- 
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(i) is just Young's inequality, and (ii) can be found for example in ^7\, Prop. 
11.1 on "The Oseen Kernel". (See also [47], translated in fT|). Now write 

B{f,9) - e^'^^^^B{f,g){t/2) + f e(*-^)^PV • (/ g){s) ds . 

Jt/2 

By (ii) and a change of variables we have 

1 



|e(*-^)^PV-(/0 5)(^,s)| = 



H{z){f g){x — z\/t — s, s) dz 



^ ll/(^)HooHg(^s)|U f 1 ll/(^)liooHg(^)Hc 



(t-s)l/2 7„3(1 + |Z|)4 (t-s)l/2 ' 

and hence by (i) 

l|S(/,g)WI!oo < (V2)-i/^|li?(/,5)(i/2)ll3 + /,%(^--^)-'/'ll/(^)lloo|l5(s)lloo ds 
< t-'/'\\B{f,g){t/2)h + t'^^ sup ||/(.s)||o,. sup \\g{s)\\oo ■ 

Therefore, for t e (0,r), 

se(|,t) sei^.t) 

< sup ||B(/,g)(t)||3 + 2 sup t'/''\\f{t)\\^- sup i^/'||g(t)||oo 
te(o,T) *e(o.T) te(o,T) 

which proves the claim. (We remark that the constant in the claim does not 
depend on T.) 



2.3 Local theory in (and f] L°°) 

Take un G and let = x (0,T) for some T e (0,+oo]. We wiU 
show local existenc^l in the space L^{Dt)- Note first that U G L^{Dt) where 
U{x,t) = e*^uo{x) as follows: Since e*^wo = e*'^{uQ)~^ — e*^(Mo)^ i we can 
assume Uq > 0. Since 

([/t - AC/) • UP-^ = 
for any p > 1, integration by parts yields 

/ \UP/^{x,t)\^ dx+^^:^-^ f f \V{UP/^){x,t)\'' dxdt^ [ \UP/\x,0)\'' dx . 

*This version of the local theory for initial data in was presented in a course on math- 
ematical fluid mechanics given by Prof. Vladimir Sverak at the University of Minnesota in 
the spring of 2006, and can be found as well in For other versions, see e.g. the classical 

paper |25| or the more modern treatment in [6]. 
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Taking p — S and using the inequality 



||5||lio/3(£,^) < ll.9lli-((o,T);L2)ll5ll^{^((o ,r).Hi) 

which is due to the H61dei0 and Sobolev inequahties, we have 

l|f/'/'llL"V3(,,,);SI|c/^/^(0)||2 

which is exactly 

(2.15) \\U\\mDr)<hoh ■ 

Recall now that 



Jo 

where we can write (see (j2.14p ) 







t > 
t < 



for some smooth H G H L°°. With a slight abuse of notation for simplicity, 
we now make the following claim: 



Claim 2.4. 



K(t- s) * h{s) ds 







LV2(R3xI 



whenever the right-hand side is finite. 
Proof: 

K{t - s) * h{s) ds 









< 


I 


x 







\\K{t~s)*h{s)\\^, ds 



< 



\\K{t- s)\\.,,4h{s)\\.,/2 ds 



< 



{t-sr^/4H\\^,M\h{s)\\^.;. ds 



i?(0,+oo) 



+ 00 



\\Hs)\\, 



5/2 



ds 



< 



\\hm 



5/2 



^Note that Holder's inequality implies the following interpolation inequality: for p < r < q, 
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where a = 1/5 and we have used Young's inequalitjo in the x variable with i = 
■(574) ~^ (5/2) — 1 in the second line, and one-dimensional fractional integratiorQ 
in the t variable with i = j^j^ ~ ^ \3st. Now since for t e (0, T) we have 

[ K{t~s)*h{s) ds= [ K{t-s)*{f(g)g){s) ds 
Jo Jo 

for h :— X[o,T]f ^ g where X[o,t] is the indicator function for the interval [0, T], 
for any fields f,g G L^{Dt) Claim [2^ gives 

(2.16) \\B{f,g)\\L5f^DT) < ??5||/«)5llL5/2(r,T) < V5\\f\\L^DT)\\9\\L^DT) 

for some 775 > independent of T. Hence there exists a unique solution u € 
L^{Dt) by Lemma l2.ll so long as ||C/||l5(£)^') < ^ which is true for small 
enough T due to (|2.15p (or, for ||uo||3 sufficiently small, one may take T = -l-oo). 
Moreover, estimate (7.26) of [11] implied that 

(2-17) I|S(/,.9)IIl~((0,T);L3) < \\f\\L^DT)\\9\\L^(DT) : 

the proof of which shows moreover that t \ — !• \\B{f ^ g){t)\\^ is continuous. This, 
along with the fact that B{f, g){t) is weakly continuous in on (0, T) (see [14], 
(7.27)) implies that B{f,g) e C{{0,T); L^). The standard theory of the heat 
equation implies now that u = U + B{u, u) E C([0, T); L^). 

Remark 2.5. We can furthermore assume that Viu{x,t) € L°°{Dt) (for a 
possibly smaller T ) in a manner similar to the proof of i2.10\) . using Claim [^7^ 
and estimate {2.1'T^ . For a construction of local solutions with higher regularity 
in similar spaces, see fllf - 

At this point, we also mention the following uniqueness theorem for solutions 
in the class C([0, T); L^) established in [I^ (see also [H] for a simplified proof): 

Theorem 2.6. Let u^,u^ e C{[0,T);L^) both satisfy flJ]) for a fixed uq G L^. 
Then = on [0,r). 

Note that there is no size restriction on ||uo||3- 

2.4 Unification of the theories and further properties 

For any uq G L^, the local theory guarantees the existence of a mild solution 
U[T) G some T > with U(ji)(0) = uq, where we define 

(2.18) :=C([0,T);L3)nL5(M3 x (0,T)) . 

'*l!/*9l|r < ll/llpllall, for l<p,q,r< +00 whenever i + i- l = i>0 
^In dimension n, = C„|| | ■ 1""+° */(■) \\q < Cp, q||/||g for 1 < p < g < -|-oo and 

< a < n whenever 1 = 1 — 2 (gee liSl I 

q p n ^ 1—1/ 

Strictly speaking, the estimate was derived under the assumption that u satisfies the 
differential NSE for a suitable pressure p; however since the mild solution is smooth, we can 
reduce to this case, see the proof of Theorem 13.31 
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By Theorem 12.61 there can be at most one mild solution in C([0, T); L^) with 
initial datum uq for a fixed T > 0, and hence there can be at most one|3 such 
Define T* = T*{uo) > by 

T^{uo) ■■= sup{r > I 3! mild solution -U(t) G S^'^ on [0, T) s.t. U(t)(0) = mq} ■ 

Again, by the uniqueness theorem, U(^Ti){(^) = ''^(T2)(0) implies that U(^Ti){t) = 
^(T2)(^) for ^ S [0, min{Ti, T2}), hence there exists a unique mild solution 
u(^) on [0,T3*) such that u(3)(0) = uo and m^^) e f^^) for any T < T^. We'll 
call T3 the maximal time of existence in of the mild solution associated to uq. 

Similarly, for uq G H^, defining 

(2.19) 4'^'^ := C{[0,T); H^) n L^{{0,Ty, H^) 

and r*^2 = Ti/2("o) > by 

T*/^{uo) := sup{r > I 3! mild solution U(t) & 4^^^ on [0,r) s.t. M(t)(0) = Uq} 
there exists a unique mild solution 

m(i/2) on 

[0,r*^2) such that u(^/^)(0) = mq 
and g 41/2) ^j^y y ^ ^g^jj j.*^^ ^j^g maximal time of exis- 

tence in oi the solution associated to uq- 

The standard embeddings and interpolation inequalities give the estimate 

and hence 4^^' C for any T > 0. This implies that T*^.^ < for any 
Mo G C L"^. We will now proceed to show that in fact T^^.^ — T3* for uq £ . 

The following lemma will show that a solution which is continuous in H2 for 
some time cannot leave H2 while remaining continuous in (or, equivalently, 
while remaining in L^ f), and hence that the strict inequality Ty^ < T3 is im- 
possible for 1*0 G -ff 2. Furthermore, Theorem 12.61 implies that 

1,(1/2) ^ y(3) 

[0,T*) where T* ^ T*^^ ^ T3*. In what follows, for uq G (in particular, for 
Uo G H^) we'll denote u^^) (= ^(1/2)) =. ^^^(uo)- 

Lemma 2.7. Suppose u G C([0,r];L3) 

is a miZrf solution for NSE on [0, T] . 

(^aj M G L^{M? X (0,T)); 



^In fact, since u G contains the additional information tliat u £ ^, one can derive 
uniqueness from the local theory without using Theorem [22] but we proceed in this way for 
simplicity. 
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(b) If moreover u{0) = uq E , then u E C{[0,T]; H^) D L'^{{0,T); Hi). 
In order to prove the lemma, we will need the following claim: 
Claim 2.8. Suppose u E C([0, T]; L'^), and fix some a > 0. Then 
(i) s I — > suptg(o ,j) v^||e*^M(s)||oo E C[0,T] and 
(it) SI — > ||e*'^u(a;,s)||L5^(K3x(o,a)) eC[0,T] . 
If, moreover, u E C([0,T]; H^), then 
(lii) SI — > l|e*'^u(s)||^4((o,,).^i) GC[0,T] . 

Proof of Claim [2T8l The claim is a simple consequence of the linearity of the 
operator e*'^ , estimates ()2.14f m and p.lSp . and the estimate ||e*'^(7||^4((-Q a)-H'^) $ 
which follows from the energy inequality for the heat equation and 

the standard embeddings. Writing any one of these as ||e*'^g||3e^ < \\g\\x where 
u e C([0,T];X), we have 

I ||e*^^.(s2)b„ - \\e''^u{s,)U^ I < ||e*^(7/(s2) - u{s,))\\x. < IHs^) - w(si)||x 
which proves the claim. □ 

Proof of Lemma [277) Note first that we may actually assume u is a solution 
in C([0, T + e); L^) on [0, T + e) for some e > 0. This is guaranteed by the local 
theory in L| ^ for initial data (e.g., u{T)) in L^. By the same local existence the- 
ory, we are guaranteed a solution it^^) e £^^^ = C{[0, Ti); L^) D L^{M.^ x (0, Ti)) 
with initial datum u(0) for some small Ti > 0. By the uniqueness guaranteed 
by Theorem 12. 6[ we know that in fact u*^^^ — u on [0,Ti). 

Set T := sup{r'_e (0,r + e) | u ^S^}. If T > T then we have proved 
(a), so suppose T < T. Since u(T) E L^, ([2l^ shows that e*^u{T) E 
L^{E? X (0, +00)), hence one may take some <i E (0,e) small enough so that 

(2.20) l|e*^u(T)|U5(R3x(o,ti)) < f . 

where ep > is such that ||e*^ti||/^5(jj3x(o,ti)) < co guarantees an f^j^-' -solution 
on (0,^1) with initial datum v by Lemma [2.11 and (12. 16^ . Now, by Claim [^?5I 
(ii), there exists 6 E (0,ti) such that 

(2.21) ||e*^w(T-<5)|U5(K3x(o,ti)) < . 

Therefore by the local existence theory, we are guaranteed a solution u^'^^ E 
C([T-5,T-H5);L3)nL5(M3 x (T -_^,T-h^)), where ^ := ii - ,5 > 0. A£ain_by 
Theorem[2ll u^^) = u on {T-S, T + 6). But now clearly u E L^(M.^ x (0, T + 6)), 
which is a contradiction to the definition of T, and (a) is proved. 
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Let's now turn to (b). First suppose that we can show that uq G H ^ imphes 
u e C([0,r];ij5). Then by replacing above by T^^^^^ := C{[0,T);H^) n 
L^((0,T);iji) and replacing Claim HIH] (ii) by Claim d^] (iii) , the method used 
to prove (a) can be adjusted to show that u S L^{{0,T); H^). This fact, along 
with standard estimates (see the proof of the local theory in H^), yields the 
conclusion in (b). It therefore remains only to show that 

(2.22) u£C{[0,T];L^),uoeH^ =^ u e C{[0,T]; H^) . 

In order to do this, we turn to the local solutions u'^^^ of Koch-Tataru [33] for 
(possibly large, but somewhat regular) initial data in the space bmo~^ , and a 
"persistency" theorem given in [TB; which states that whenever the initial da- 
tum belongs to various spaces of regular data, including , the solution with 
that datum remains there for positive timesl^'^l To complete the proof, we rely 
as before on the uniqueness provided by Theorem 12.61 

We recall briefly the space 5^ ' in which the Koch-Tataru solutions were con- 
structed: 

4"^^^ - {/ I sup Vt 11/(0 Hoc < +^}n 

te(o,T) 

n{/| sup -in I I \f{x,s)\^ dxds < +00} , 

a;oeM^,te(0,T) E ' Jo J B ^{xo) 

where for r > we denote Br{xo) = {x \ \x — x^ < r}. Recall also the definition 
(see, e.g., [37]) that v € hmo~^ if and only if Pi 

Ikllbmo-i := sup / / \e''^v{x)\'^ dx ds < +00 . 

aoeR^,te(o,T) t I Jq jb^(xo) 

By ((2T2)) . e*^Mo e 4"^^^ for any uq G C 67710" ^ We know from ([2^3]) that 
limt^o Vt\\e*-^ wolloo — 0, and it can moreover be shown that limA\,o ll'^^ollbmo-i — 
0, where v^{x) = \v{\x), for any uq € L^. Note also that e*^v^{x) = 
A(e^ ^^v){\x)^ and hence by a change of variables we have 

sup \/t||e*'^ito||oo = sup v^lle'^^uolloo 

tG(0,T) te(0,A2T) 

which therefore tends to zero as well as A \ by the preceding statement. 



"We remark that it should be possible to complete the proof within the framework of the 
L'^-theory, without resorting to the stronger tools in 34 and 18 which we have used here 
only in the interest of expediency. 

Strictly speaking, one should denote this space by bmo^ , but we consider some fixed 
T > 0. 
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The local result in [53] is that for any T > there exists some small ex > 
such that lle'^woll^c^fT') < ct implies the existence of a unique small solution 

y{KT) g f^^^' on [0,T) satisfying v{0) = vq. By the statements above, for 
any uq € one can take Ai > small enough so that sup^g^g,!) \/^l|e*^Ug^ ||oo, 
ll'^oMlbrjxo-i < ei. Letting — we obtain a solution v on [0,1) with ini- 
tial datum Mq^. Due to the natural scaling of the equation, u^^'^^x^t) := 
j^v( j^, j^) is a solution on [0, (Ai)^) satisfying ^(-'^^'(0) = uo- 

We return now to the proof of (|2.22p . Suppose uq G . By the local existence 
theory, there exists a solution -u^^/^) e f^^^^^ on [0,Ti) with u(^/^^(0) = uq for 
some small Ti > 0. By uniqueness (Theorem 12. 6p . u'^^'^^ = u on [0,ri) hence, 
in particular, u e C{[0,Ti); H^). 

Define Ti := max{ Ti e (0,T + e) \ue C([0, Ti); iJ^)}, and suppose Ti < T. 
Since u{Ti) e C bmo^^, there exists some Ai > small enough that 

sup Vt\\e'^[u{T,)]^^U ||[w(Ti)]^H|,„.„-i<ei/2 , 
te(o,i) 

guaranteeing a solution m^^"^) on [Ti,Ti + ti) satisfying ^(■^'^^(ri) = u{Ti), 
where ti = (Ai)^. Due to the embedding ||M||f,mo-i ^ ll'^IU; have u G 
C{[0,T);b'mo~^), and in particular there exists some Ti < Ti such that for 
(5 := Ti — Ti small enough we have 

||[«(fi)]^-[^(Ti)]^IU™o- < \\[u{f,)]^-[uim% 

= ||u(fi)-w(Ti)||3 < ei/2, 

so that II [u(Ti)]'^||(„no-i < ci- Also, for (5 small enough, we have by (i) of Claim 

[Ml 

sup Vi\\e'^[u{fi)]^'\\^^ sup Vi\\e'^u{fi)\\^ < 
t6(oa) te(o,ti) 

(i) _ _ 

< sup Vt||e*^w(Ti)||eo+ei/2- sup Vt||e*^[u(Ti)]^i ||oo + ei/2 < ei. 
t6(o,ti) te(oa) 

Hence we are also guaranteed a solution -u^^'^) on [Ti , Ti +i i ) satisfying u^^^^ (Ti ) — 
u{Ti), where ti — (Ai)^. Taking S < ti, we now have a Koch-Tataru solution 
-uiKT) [fi,Ti +6) satisfying u^'^^^fi) = u{fi), where d^ti-S>0. 

Since Ti < Ti, we have u{Ti) G by our definition of Ti. Now, the 
persistency principle of jH] states that a Koch-Tataru solution obtained by 
the fixed-point argument on an interval with initial datum in B't^'^ for 1 < 
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p,q < +00, s > — 1 will remain in Bp''' on that interval and is moreover con- 
tinuous in that norrrF^. SinceF^ -BJ''^ = ^2^'^ = H^, we see that u^^"^^ G 
C([fi,Ti Theorem EH then implies that u^^^) = m on [fi,Ti + 5), 

and hence u € C([0,Ti + 5)\H^). This, however, contradicts our assumption 
on Ti, hence necessarily Ti > T, and ()2.22p is proved, completing the proof of 
Lemma Ell □ 

Finally, we state here for convenience some known a priori results regarding 
globally-defined mild solutions to NSE evolving from possibly large data: 

Theorem 2.9 (Decay). Let u E C{[0,oo); X) be a global-in-time solution to 
for some divergence-free uq G X, where X is either H^lM.^) or L'^(M.^). 
Then lim ||u(t)||x=0. 

i— f +00 

This is proved for X = H^R^) in [21], and for X = L^{M.^) in [22] (see also 
[20]). The following result is classical (see, e.g., [12] for a proof): 

Theorem 2.10 (Energy Inequality). Let uo G ij2(M-^) be any divergence-free 
field, and let u — NS{uo). There exists a small universal constant Sq > such 
that |1uo||l3(R3) < Sq implies that T*{uq) = +00 and for any t >0 the following 
energy inequality holds: 

\Ht)f. 1 + /*||Vm(s)|P. 1 ds< \\uof. 1 

" ^ '"if2(R3) II ^ '"H2[R3) - II "llif2(R3) 

Together with Theorem 12.91 we now have the following: 

Corollary 2.11. Let uq e H2{R^), V • uq = and u = NS{uo), and suppose 
T*{uo) = +00. Then for some large Tq > we have, for all t > Tq, 

\\u{t)\\^. 1 + f ||Vii(s)||2. 1 ds < \\u{To)f. 1 

Finally, we remark that the following fact follows easily from the local theory 
and Corollary Em (recall St = i°°((0, T); ij^) n L2((0, T); iji ) ): 

Theorem 2.12. For T e {0,+oo], take {Xo,Xt) to be either {H^R^),S't) or 
(L3(R3),L5(M3 X (0,T))). Then for any uq G Xa, 

T*{uo) < +00 ||7V5(Mo)||xr.(„„) - +00 . 



^^The theorem in 1181 includes persistence in inhomogeneous spaces and Lebesgue spaces 
as well, including L°° . 

^^These are the standard Besov and Triebel-Lizorkin spaces; see, e.g., |24| . 
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3 Main results 



The following "blow-up" criterion for the Navier-Stokes equations was proved 
in [M]: If it is a weak "Leray-Hopf solution of the Navier-Stokes equations (es- 
sentially, a distributional solution to (|0.ip satisfying a natural energy estimate) 
and if (0,r*) is the maximal interval on which u is smooth, then if T* < +00, 
we must have 

limsup ||u(i)||3 = +00 . 
Alternatively, one can say that ||u|1l°°((o. t*);L3) < -t-00 implies that T* = +00. 

We would like to suggest a different approach to this statement, using the 
method of "critical elements" introduced in [26l [27l [28] , in the setting of mild 
solutions. We consider here a simpler special case of the above, namely the 
statement that for any uq G H^, 

(3.1) II^^MII,.((„,,.(„„),,i)<+oo =^ r*M = +oo 

where NS{uo) £ r]T<:T-'{uo)^T^^^ (see (|2.19p ') is the associated mild solution. 
Theorem 12.91 then implies moreover that limt_j.+oo ||it(OII • ^ = 0, so that p. It 
may be thought of as a statement of "global existence and scattering" (time- 
asymptotic convergence to a solution of the linear equation), such as was con- 
sidered in |26j for non-linear Schrodinger equations. We start with a setup 
following [2^ as follows: 



Suppose (|3.ip is false; then there exists some maximal finite Ac > (see (|3.2p 
below) such that 

while, for any A > Ac, there exists some initial datum uo,a and solution ua with 
T*(uoa) < +00 and \\ua\\ , . \ < A. Note that the local theory 

implies A^, > is well-defined since T*{uq) = -|-cx) (and moreover u e f^^^^' for 
T = +00 as well by CoroUarv l2.11l) for ||mo|| ■ i small enough. 

Specifically, we define the critical value Ac by 

(3.2) Ac := sup{A > ; ll^^(«o)||^„((„ ...(^^^^^^^i^ < ^ =^ T*{m) = +(X3} . 

Under the assumption that Ac < +00, we'll prove the following two theorems, 
whose analogs were used to prove statements similar to (|3.1I) in [321 EZl HH] '■ 

Theorem 3.1. Suppose Ac < +00. Then there exists some uo.c G H"^ with as- 
sociated mild solution Uc such that T*(uo,c) < +00 and ll"c||^^^g j,,^ = 
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We call Uc a "critical element" . 

Theorem 3.2. Suppose Ac < +00, and let uq G with associated mild 
solution u = NS{uo) satisfy T*{uo) < +00 and ll'"ll^«,((o = ^c- For 

ciny {tn} C [0,r*(Mo)) such that tn T*(uo), there exist sequences {s„} with 
in < s„ < T*{uq), {xn} C ("shifts") and {A„} C (0,oo) ("scales") with 

Xn +00 such that a subsequence of j-u ^ ' x ^" j converges in . 

This is a slightly weaker version of the compactness in of the closure of a 
family where 

(3.3) ^-{aM"(^'0' 0^^<^M 

for some \{t) > 0, x{t) e M^, as was proved in Note, however, that 

for any sequence tn ^ T*{uq), setting x(i„) = and A(i„) = 1, a convergent 
subsequence exists by the L'^-continuity of u. The only remaining scenario is 
therefore treated by the weaker statement in Theorem 13.21 

The idea is that Ac < +00 implies the existence of a critical element which 
produces a type of compactness (see (jO.Sp ) in the family K. If one can rule out 
such compactness, then one has proved p.ip . (The nonexistence of a particular 
example of a fully compact family K was established in 05] and [53] regarding 
the so-called "self-similar" solutions.) The program is therefore completed with 
the following "ridigity" theorem: 

Theorem 3.3. Any uq G L'^(M'^) satisfying the conditions of Theorem \3.S\ must 
be identically zero. 

Theorem 13.31 has the immediate corollary that no such element uq can exist, 
since r*(0) = +00 whereas by assumption T*{uq) < +00. This implies, due 
to Theorems 13.11 and 13 . 2| that Ac = +00, which proves the regularity criterion 
dSH]) (Theorem [0?T|) as desired. 



3.1 Preliminary lemmas 

In order to prove Theorem l3.1l (and also Theorem l3.2p . we will need the following 
"profile decomposition" which was proved in [19]. Recall the notation NS{uo) 
for the mild solution in nx<cT'{ua)^T^'^'' associated to an initial datum uq G . 

Theorem 3.4 (Profile Decomposition). Let {uo.n} be a bounded sequence of 
divergence-free vectors in . Then there exist {xj^n\ C M? and {Aj^„} C 
(0,-foo) which are "orthogonal" in the sense that, for G N, j 7^ 

either lim .hi— _j_ AliIL = _|_oo 

n-J-l-oo Ajv „ Xj n 
Xj.n , T ■^'J.n ^7' n 

= 1 and lim J > ' — 1 ^ 
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and {Vqj} C with T*{Vqj) < +00 for an at most finite number of j E N 
such that the following is true: after possibly taking a subsequence in n, 

(3.4) uoA^) = E T^^o. (^-^) + wiix) 
and 

(3.5) u^ix^t)^Y.X-U= f^T^' X^l +^\fM+riM 

for any Je'N,forxe and t £ (0,r„) where T„ := min{A2„TJ | r*(T/oj) < 
+00} ('or T„ = +00 if T* (Vq j) = +00 for all j) for any fixed numbers < 
T*iVo,j), u„ = NS{uo,n), U, = NS{Vo,,) and w'/it) = e'^w^ for some wi € 
if 2 and r'^ G St^, and the following orthogonality properties hold: 

J 

(3.6) lko,«|P„i =Ell^"jllU ' ^" = ^^ef^' 



(3.7) lim ( limsup ||w;(||3 1=0, 
and 

(3.8) lim ( linisup||r,^||^^^ ) = . 

.7->+oo y rn.+oo " / 

Recall that S't is defined for T > by (|2.4p . and note that r„ is simply some 
time such that for t G (0, T„), p.5p avoids the finite blow-up times of any of the 
Voj 's due to the natural scaling of the equation: if w is a solution on (0, T) then 
vx{x,t) Xv{\x, \^t) is a solution on (0, for any A > 0. 

We'll also need the following fact regarding the "profiles" Uj which appear in 
Theorem 1331 

Claim 3.5. IfT*{Voj) = +00 for all j > 1, then there exists some uq > I such 
that T*{uo,n„) = +00. 

This is in fact implicit in the statement of Theorem l3.4l The proof can be found 
in [19], for example if one follows the proof of Theorem 2 part (iii) in section 
3.2.2 of that paper. One sees that, under the assumptions of Claim 3.5 above, 
the remainder r,'[ belongs to Ex-'(uon) large J and n and hence m„ belongs 
to the same space due to p.5p and standard heat estimates. Theorem 2.12 then 
implies that T*(uo,n) = +00 for such n. □ 

Finally, we will need the following "backwards uniqueness" type of lemma (a 
stronger version of which is proved in the last section) : 
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Lemma 3.6. Let u{t) be a mild solution of NSE with initial datum u{0) = uo G 
. Suppose u{ti) = for some ti G (0,T*(mo)). Then u = 0. In particular, 
uq = and T*{uo) ~ +oo. 

Lenima [3.6l will follow from the following backwards uniqueness theorem for sys- 
tems of parabolic equations, which was proved in |12[ 113] (for the more general 
situation of a half-space see also [13], but we do not require such generality): 

Theorem 3.7 (Backwards Uniqueness). Fix any R,6,M and cq > 0. Let 
Qr.S ■= {^^\Br{Q)) X (—^,0), and suppose a vector-valued function v and its 
distributional derivatives satisfy V, vt, Vw, 'S/^v (1 L^(Q) for any bounded subset 
^ C Qr,5, \vix,t)\ < e*^l^l' for all {x,t) e Qr^s, \vt - M < co{\Vv\ + \v\) on 
Qr^S and v{x, 0) = for all x G R^\Br{0). Then v = in Qr^s- 

Proof of Lemma 13. 6t We will apply Theorem 13.71 with v ^ uj = curlew, 
the associated vorticity to the velocity field u. Suppose for the moment that 
uj satisfies the assumptions of Theorem 13.71 (in the whole space, in fact). Then 
u{ti) = implies uj{ti) = 0, and hence w = in x (ti — d,ti), for any 
S € (0,ti). Since mild solutions to NSE satisfy div^u = in the distributional 
sense, we see that Axu{t) — 0, u{t) e L^ for each i e (ti — S,ti) which implies 
that M = in R"^ X {ti — 6,ti). Taking 6 ti and using continuity at t = 0, the 
theorem follows. (In the forward direction, one uses the uniqueness of Theorem 

nm) 

The vorticity satisfies the equation 

ujt - Auj + {u ■ V)tJ - (a; • V)ii = 

in the sense of distributions. The assumptions of Theorem 13.71 follow therefore 
from the fact that u G i°°(R^ x (e,T*(uo) — e)) for any e > 0, which follows 
from Remark 12.51 and arguments similar to those in the proof of Lemma 12.71 
The bounds on the derivatives of u (and hence of u) are then standard, see for 
example (33j. □ 



3.2 Existence of a critical element 

In this section we'll prove Theorem 13.11 which establishes the existence of a 
critical element. 



Proof of Theorem I3.lt Define Ac by (|3.2p and assume that Ac < +oo. 
(Note that Ac is well-defined by global existence for small data.) By definition 
of Ac, we can pick An \ Ac as n — > +oo and Mo,n & , V • uo.n ~ such that 

(3.9) T*(uon)<+oo and \\NS(uon)\\ , , • i < A„ 

holds for all n. One cannot prove, as one would naturally hope, that a sub- 
sequence of these uo.n converges to some uo,c satisfying the assertion of the 
theorem, but we will see that something similar is true. We may assume that 



(3.10) \\uQ,n\\^i < An < 2A 



C 1 
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and hence we may apply the profile decomposition (Theorem 13.41) to the se- 
quence {uo.n}- For the remainder of this section, Vqj-, C/j, m„ etc. will refer to 
this particular sequence. We will complete the proof of the theorem by show- 
ing that Vbjo satisfies the assertion of the theorem for some jo, and the profile 
Ujg = NS{Vojg) will be our critical element. 

Define T* T*{Voj), and note that ((3?T0| and imply that 

(3.11) Y,\\VoJli<+^, 

so that limj_j.oo ll^.jll^^ — and therefore by the small data result, T* = +oo 
for large enough j. Corollary 12.111 then implies that ||t/j||^(+^) < +oo for large 
j as well. 

Note that Theorem 12.121 and Claim 13.51 together imply that there exists some 
j > 1 such that 1 1 [/Jills'^, = -|-oo, and hence we may re-order the profiles in the 
decomposition such that for some Ji > 1, 

(3.12) ||C/j||^^. =+oo for l<i< Ji 
and 

\\Uj\\g^, < +O0 for j > Ji . 

3 

Note also that Theorem 12.121 and Corollary 12.111 imply that 

(3.13) T* < +00 for 1 < j < Ji and T* = +oo for j > Ji . 
To prove Theorem 13. 11 it suffices therefore to show that 

(3.14) \\UJ\,^,,o^r-,^ir^^ 

for some jo G {1, . . . , Ji}. This will be accomplished using the following claim, 
which extends the orthogonality property 



Claim 3.8. Set := T* - i and mini<j<j, „T;fe for fc G N. Fix 

some k> 1, and let {t,i} C K 6e any sequence such that i„ G [Oj^fc] for all n. 
Then there exist subsequences n{m, k) and J{m, k) depending on k and indexed 
by m such that for n — n{m, k) and J — J{m, k), 

J 

Jri ^ ' * rl ^ Jri ^ 

where lim e(fc, m) = for each k and we have set Uj_n{x, t) := -^^Uj (^-j-^i " 
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Assuming Claim [3751 momentarily, we prove p. 141) (and hence Theorem 13. ip as 
follows: 



Let := X'j^n'^Ji;, so that t"^ = mini<j<,7j t^f.. For any fixed fc, there ex- 
ists some Jq E {1, . . . , Ji} such that 

in j.n 

for infinitely many n. Also, there exists some jo € {l, ■ • ■ , >^i} such that Jq = jo 
for infinitely many fc, say for a subsequence fca — > (X) as a — ^ +oo. For each 
fixed Of, take ma,f3 to be a subsequence of m's indexed by /3 — +oo such that 

(where n(m, fc), J(m, fc) are as in Claim [575]) . and mo,./? — >■ +00 as /3 +00. 
Since 1 < jo < >^i, we have HC/jolUj,. = +00 by p.l2p . Let 



A 



sup ||[/jo(t)|Li and Afc sup ||C/j„(t)|l . 1 

0<t<T* " 0<t<T* , " - 



SO that Ak A a.s k +00. Note that A > Ac, else we would have T*^ — +00 
by the definition of Ac which would contradict p.lSp . Theorem 13.11 will be 
proved if we show A = Ac (whereby we can set uo,c = VoJoj ""c — Ujg), so it 
remains only to show that A < Ac, which we will now do. 

By continuity in Hi, we may take tk G [0,Tj* /j] such that ||t'jo(^fc)ll^i = ^fe- 
Set tk^n = n^k, and note that for k — ka and n = n{raa^i3, ka) we have 

< tk,n < „r^* = ffe 

by p.lSp . We may therefore apply Claim [5751 with i„ — tk^n — tk^Mma, n.ka,) 
to conclude that for fixed a, there exists a subsequence of /3's such that for 
n = n{ma,i3, k^), J — J{mci^/3, ka) and k — ka we have 

J 

(3.16) \\Un{tk.n)\\li ^Y.\\^^'^^*'^'^%i+\\'^n'{tk.n)\\li+e{a,P) , 

i=i 

where e(a,/3) — ?► as /3 +cx). Recall from (13. 9p that we defined A^ so that 
suPq<j<2...(„^ ||-u„(i)||^i < Therefore, by P 16p . we have 

Keeping a fixed and letting /3 — )■ +00, this gives > A^ . Finally, letting 
a — )■ +00, we see A^ > A? as desired proving Theorem 13. II □ 
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Remark 3.9. These arguments can moreover he used to show that in fact 
jo — Ji = ^- That is, there is one and only one profile Ui which blows up 
in finite time. This is due to the fact that we have now shown that Ak^ — >■ Ac 
as a ^ +00, hence iS.lb]) can be used to show that \\Uj,n{tk,n)\\ can be made 
arbitrarily small for any j 7^ jo, which implies that T* = +00 by the global 
existence for small data result and the natural scaling of the equations. 

Proof of Claim [SHJ For J € N, define 
J 

Uj,n := ^ Uj,n and tjj^ ,^ := Uj^n ~ Uj2.n for 1 < J2 < J ■ 

Fix some fc G N. We now claim that the following three statements hold, for 
some subsequences n = n{m) and J = J{m) indexed by m: 

1. For any j, / G N, j 7^/, 

(3.17) < D^tjj^n{tn),D^U]',n[tn)> — ^ as m -J> oo . 

2. For any J > J2 > 1, 

.7 

(3.18) \\Ui^^{tr.)f^,<2 J2 \\UUtn)\\li for all m. 

3. There exists some M > such that 

(3.19) \\UjAtn)\\^i <M for all m . 

The easiest to show is p.l9p : Since Uj^nitn) is defined for all i > 1 by as- 
sumption, the properties of the profile decomposition implS (see [H]) that 
tn < T*{uon) for all n, and so |lM„(t„)|l 1 < 2Ac by Using ([321) and 

heat estimates, we see 



for large enough n. For each m, use p.Sp to take J large enough, and a corre- 
sponding sufiiciently large n (both in an increasing fashion) such that 

sup \\rim 1 < 1 , 
te[o,tS] " 

whereupon (133]) gives ||J7j„(t„)|| .1 < 2ylc + 3 Ac + 1 =: M. 

To prove (I3.17|) . we take the following diagonal-type subsequence: If ii,„ := 



This fact is used again below in Claim l3?Tol see l|3^ . 
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tn/^i,n is bounded, pass to a subsequence such that ii,„ — > ti € [0, +00). Take 
n(l, k) to be the first element of this subsequence (or of the origmal subsequence 
if ti^n is unbounded). (This is m = 1.) Assume now that the first to — 1 values 
of n are chosen. If tm,n '■= tn/^m.n is bounded, pass to a subsequence of the 
(to — l)st subsequence such that tm,,n tm & [0, +00). Take n(rn, k) to be the 
first element of this sequence which comes after n{m — 1, fc) (or of the original 
(to — l)st subsequence if tm,n is unbounded). In this way, tj^n tj G [0,+oo) 
as TO — >■ 00 (n = n(TO, k)) for any j such that tj^n is bounded. 

Note that for 1 < j < Ji, ij,„ ~ tn/^j,n ^ ^//c < +00. Therefore if tj^n +00, 
necessarily j > Ji and Uj G (o'oo- Hence by Theorem 12. 9[ \\Uj{t)\\^i — > as 
t — > +00, and hence 

(3.20) ll^7„„(tj,„)||^i = ||C/,(t„)||^i as n 00 . 

In the expression in (jSTT]), whenever tj^n is bounded, using the TJ 2 -continuity 
of Uj in a neighborhood of tj , we can replace 

{^U, by I^i |-L^,. (^,.,)| . 

We can also assume that D^Uj{tj) £ by approximating in L^. If both tj,n 
and tj'^n are unbounded, then 

I < D-^U,Atn),D^Uj,M > I < ||C/,,n(tn)|l^i||C/,',n(i„)|l^i = 

= l|C^ife,")ll^i||?/j(ij',«)||^i — ^0 as 

by p. 201) . If tj^n is bounded and tj'^n is unbounded, we estimate the above 
expression by 

as n — )■ 00 since we have replaced tj^n by the constant in the first term, and 
the second term tends to zero. If both tj fi and tj'^n ^i"^ bounded, replace ij,n 
by tj and tj'^n by tj/, and note by a change of variables that 

3 

which, since we've assumed the functions in the integrand are compactly sup- 
ported, is easily seen to tend to zero as n —j' 00 if Xj,n/^j' ,n — >■ or if Aj,„ — \ji 
and \(xj^n — a;j',rt)/Aj',n| — > +00. The case Xj'^n/^j,n — is handled similarly, 
and p.l7p is proved. 
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(|3.18l) is proved using (|3.17p as follows: Note that 

,7 

\\Ui,M\\l^^ E \\Uj.n{tn)\\lr+ < U,,n{tn) , Uj, M > ■ 

Suppose the sum on the right has C(J2, J) terms in it. For a fixed J, p.l7p al- 
lows us to take n large enough (that is, we take a further subsequence of n{m, k) ) 
so that all the terms are smaller than e/C( J2, J), where e — X]/=j2+i l|t^j,n(in)lP- 1 
As J increases with m, we let n increase sufficiently rapidly with m as well so 
that this is true for all m, and p. 181) is proved. 

Returning now to the proof of Claim [?751 we want to show that for any e > 0, 
there exists some Mi > such that, for all m > Mi, \A\ < e where 

A := WuMWl^ E \\UUtn)\\li - Iky (in)f„i • 

We write m„ — Uj^^n + Uj^ ^ + w^-' + for a sufficiently large J2 to be chosen, 
expand the first term in A and cancel the equal terms. We'll then split A into 
I + 7J, where // contains all terms with Uj^n for j > J2 (see below). Note that 
for j > J2 > Ji, Uj G (foo and hence, for J2 sufficiently large. Theorem 12 . 101 and 
([3TTI) give the energy estimate \\Uj\\s^ < ||Vbj||^i . Then, using ([Ml), ([3lT1) 
and p.l8p . for any e > we have 

J J 

(3.21) \\Ui,nitn)\\l^<2 ^ ^.."(^n)!!?,! < E \\^oJl^<~e 

j = .h + l j = J2 + l 

for J2 = J2(e) sufficiently large. Now let 

II -.= 2 < D-^Uijtn),DHUj,n{tn) + (in) + ri{tn)} > + 

+\\uLnitn)\\i^ - E wuumli • 

j=J2+l 

We estimate 

|//| < 2||i/y^_„(t„)ii^. • (ii?7j,„(t„)ii^i + ik5^''(t„)ii^i + \\riitn)\\^^) + 
+\\ui,nitn)\\li + E wuumii • 

Noting that we have 

\\UjAtn)\\^i < M , \\w'/{tn)\\^i < \\W^\\^^ < 3A, and ||r,{(t„)||^i < 1 
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by p. 191) . heat estimates and p. 61) . and by our choice of subsequences, respec- 
tively. Using these and (|3.2ip . for any e > we can make \II\ < e/2 for large 
enough J2, which we now fix. We are now left to estimate 

J2 

±1 ^ ' * ti ^ ti i 

3 = 1 

= ^ < D^UjAtn),Diu,,Atn) > + 

+2 < DiUj,,n{tnn),D^w'/{U)+r;l{tn)} > 
+2<«;Jr^(t„),r;((t„)>+||r„'(t„)||^i . 

The first term is handled by p.l7p . Since we may pass to a subsequence such 
that ||r-,{(irOII rjl < Iknll A" -> as to 00 by using ((XTOl) and the fact 

that ||if^'^(i„)|| < 3Ac we see that the terms with r:^ are small for large to. The 
only remaining issue is 

Consider < Diijj.n{tn), D^wli"^ (tn) > for 1 < j < J2. If +00, then, 

since |lwj;'^(i„)||^i < 3Ac, we can use again the fact that \\Uj{tjA\\ ^1 — 
as n — 00 to see that the term is small for large to (recall that n = n(rn)). 
Otherwise, it suffices to consider (by replacing tj,n by tj as before) 

Define hn{y) := e*^'"'^ [Aj>it;;((Aj,„ • +a;j,n)](y). We claim that /i„ ^ in Hi 
and hence this term is small for large to as well (for each j £ [1, . . . , J2]), and 
Claim [3^ is proved. Indeed, note that ||/i„||^^ < 3 Ac hence has a weak 

accumulation point in Note also that ||/in||3 < II "Manila — as m — )■ 00 

(after passing to a subsequence) by p.7p . so in particular /i„ ^ in L'^. Any 
weak limit in 7J 2 for any subsequence is therefore also zero due to the embedding 
(L3)' ^ {Hiy, hence zero is the only weak accumulation point of /i„ in 
and thus /i„ in iJa . This concludes the proof of Claim [3T8l (and Theorem 
EH). □ 

3.3 Compactness of critical elements 

In this section, we'll prove Theorem l3.2l which establishes the compactness of any 
critical element arising from Theorem 13 . 1 1 under the assumption that Ac < +00. 

Proof of Theorem 13. 2t We will need the following claim: 
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Claim 3.10. Define Ac by 15'. ^|) . and suppose that Ac < +00. Suppose uq G 
and u — NSiun) are such that T*(un) < +00 and \\u\\ . 1 = 

Ac- For any sequence {in} such that tn T*{uo), let Vqj, Uj be the profiles 
associated with the sequence uo,n '■— u{tn)- Then, after re-ordering, T*{Voj) < 
+00 <F=^ i = 1; o,iT-d 

(3.22) T*iuo)~t„>Xl„T*{Vo,i) 

for all n. Moreover, after passing to a subsequence in n, for j >2 either Uj = 
or 

(3.23) — — > +00 as n — > +00 . 

Proof of Claim I3.10t First note that the following considerations hold for 
any sequence {t„} C [0,T* (uq)): 

Letting wo,„ = u{tn), Un{t) — NS{uQ,n)it) = u{tn + t) and noting T*{uq) < +00 
implies that ||wra||<r^,j^^^ ^ — +00 for all n G N by Theorem 12. 12[ we can think 
of Uo,„ as a minimizing sequence for A^ since ||u(i„)||^^ < Ac =: An for all n. 
Proceeding as before and applying the profile decomposition, we see that, for a 
subsequence, 

j=i -J'" ^ -J'" ^ 

and, by uniqueness, 

Uitn +t)= Unit) = -^U, ( I + W'^'i; t) + ri{; t) 



for t e [0,t^], where := A^ „ (T*(f/i) - i) for /c e N with the orthogonality 
properties p.6p - p.8p . This is justified since we saw before (see p.l3p . (I3.14p . 
Remark 13.91 etc.) that we may re-order the elements so that T*(Vb,i) < +00, 
T*(yoj) = +00 for aU j > 2 and 

, llC^jIkoo < +00 for all j>2, 

sup ||C/i(i)|| 1 = 
te[o,T*(Vo,i)) 

and it is noted moreover in [T^ that equation (|3.22l) holds for all n. (In fact, 
(|3.22p is a simple consequence of the properties of the profile decomposition.) 

Suppose now that t„ / T*{uo). Then (IX^ gives 

(3.24) Ai „ < , , ^ as n ^ 00 . 
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We will now show that moreover, for j > 2, either Uj = or, after possibly pass- 
ing to a subsequence, the limit (|3.23p holds as follows: Take t^: e [0,T*{Vo,i) — j] 
such that 

\\Ui{tk)\\^^ = sup \mt)\\ . A, /■ A, . 

0<t<T*(Vo,i)--i 



Then, letting tk,n '■= „tfe, we can apply Claim \3M (where actually Ji = 1) to 
see that there exist subsequences n = n{m,k), J — J{m,k) indexed by m for 
fixed k such that 

,7 

where e(fc, m) — ^ as to — > cx) for fixed k. Therefore, as in Remark l3.9[ one can 
take a subsequence m — m[k) such that, for j > 2, 



^ / ■^l,«(m(fc),fc) 



— ||t'j-,n(m(fe),fe)(^fe,n(m(fe),fc))lljj^ ^0 aS — >■ CX) . 



If along this subsequence n = n{m{k),k) we had that „ffe/A| ,j were bounded, 
one could therefore extract a convergent subsequence with limit t < oo, and 
therefore conclude that Uj{t) = by the 2 -continuity and hence that Uj = 
by Lemma inn Since < tk < T* {Vo,i) < 00, if U-j ^ then the limit ((X^ 
must therefore hold for some subsequence, and Claim [3.101 is proved. □ 

Returning now to the proof of Theorem 13.21 fix a sequence such that 

tn Z' T* . We define!^ a corresponding sequence {s„} by 

(3.25) f!L^= iT*(T/o.i) 

for each n. Note that, for j > 2, p.23p gives (after passing to a subsequence in 
n) 

- tn T* (Vp^i) Af 

(3.2oj — >■ +00 as n +00 . 

Note also that p.22p implies that s„ G {tn,T* (uq)). Indeed, we have 

< t„ < s„ = t„ + iA2_„T*(K),i) < - ^Xl,XiVoA) < T*iuo) . 

Notice that, since u„ = NS{uQ^n) — N S{u{tn)), we may write u(s„) = u(t„ + 
(sn — tn)) = Un{sn — t-n) and heucc, by (13. Sp we have (for a further subsequence 
in n) 



(3.27) y(s„)-5]y^;7, [- 



The specific factor 1/2 in tfie definition of Sn is cfiosen only for simplicity; one may in 
fact replace 1/2 by for any fixed r) a (0,1). 
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Fix any e > 0. Since s„ - i„ = ^T*{Vo,i)Xl^ < T*(yo,i)A?_„ for all n, the 
orthogonality properties (|3.7p and (13.81) and Young's inequality allow us to fix 
some J so large that 



(3.28) 

and 
(3.29) 



\\r^{Sn - t„)||3 < Wr^iSn - tn)\\^i < J 



\\w'/{sn-t,,)h<\\wj^h< 



for large enough 71. For such a J, we may take n large enough that 



(3.30) 



max 

2<j<J 



U, 



X2 



< 



2J ' 



due to (|3.26l) and the fact that T*{Voj) = +00 for j > 2 which implies that 
limt^+00 \\Uj{t)\\3 = by Theoremli;! We have therefore shown (due to ((223)) 
that for any e > 0, there exists TV g N such that 



u{sn) - T—Ui 

M.n 



Xi 



u{Sn) - T U 



— U, ( - — i^* 



r*(Vba) 



for all n > A^. A simple change of variables y 



Ai,„ 



shows that 



Ai „u Ai 



Al,ri 



< e 



for n > N, and hence setting A„ = (Ai „) ^ (note that A,, 
and Xn — — Xi.n/Ai.n, we see thalP^ 



by m^) 



1 

A», 



A. 



UiaT*{Vo,i)) 



< e 



in as n — >■ 00 and Theorem 13.21 is proved. 



□ 



3.4 Rigidity 

In this section, we'll prove Theorem 13.31 which denies the possibility of the 
compactness of a critical element as established in Theorem 13.21 This, due to 
Theorems 13.11 and 13.21 gives an alternative proof of the regularity criterion p.ip 
in the case of mild solutions (which follows from the more general result in (13] ), 
and concludes the critical element proof of Theorem 10.11 



We will use three key known results. The first two concern systems of parabolic 

'^''As noted previously, for any r] S (0, 1) one can, of course, find a similar sequence which 
converges to Ui{ri ■ T*(Vo,i)). 
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equations: the backwards uniqueness theorem, Theorem 13.71 proved in [T21II3] 
(see also [H]), and the following "unique continuation" theorem, a proof of 
which can be found in [T3] but which was already a well-known fact from the 
unique continuation theory of differential inequalities (see also |15)): 

Theorem 3.11 (Unique Continuation). Let Qr^s ■= Br{0) x (—(5,0) for some 
r,6>0, and suppose a vector-valued function v and its distributional derivatives 
satisfy v, Vt, Vw, V^w € L^{Qr,s) and there exist co,Ck > (k £N) such that 
\vt — Av\ < co(|Vti| + |ti|) a.e. on Qr.s and \v{x, t)\ < Cfe(|a;| + \/--t)^ for all 
{x,t) e Qr,s- Then v{x,0) = for all x € -Br(O). 

The third result we will need is a local regularity criterion (with estimates) orig- 
inating in [5; and generalized in j45] for the so-called "suitable weak solutions" 
of the Navier-Stokes equations, which are defined as follows: 

Definition 3.12 (Suitable Weak Solutions). Let O be an open subset o/M", 
— oo < Ti < T2 < +00. We call the pair {u,p) a suitable weak solution 
of the Navier-Stokes equations m O x {Ti,T2) if u e i°°((Ti, Tz); £^(0)) n 
L^{{Ti,T2);H^iO)), p e L°°((Ti, Ta); ^3/2(0))^ ^ and p satisfy NSE in distri- 
butions and the following local energy inequality holds: 



I ip\u\'^ dx + 2 [ [ (^|Vup dx ds < 
Jo Jti Jo 



< 



Ti JO 



{lul"^ (Aip + (fit) -\- u ■ V ip{\u\'^ + 2p)} dx ds 



for almost all t € (Ti,T2) and for all non-negative cut-off functions Lp € Cq° 
which vanish in a neighborhood of the parabolic boundary (O x {Ti}) U (dO x 
[Ti,T2]). 

We take the statement of the local regularity criterion from [TJ (where a self- 
contained proof, based on the easier method in [38], is presented). It is the 
following: 

Lemma 3.13 (Local Smallness Regularity Criterion). There exist positive ab- 
solute constants eo and Ck for k € N with the following property: If a suitable 
weak solution (u,p) of NSE on Qi, where Qr := Br{0) x (— r^,0) for r > 0, 
satisfies the condition 



/ {\u\^ -\-\p\^) dx dt < eo 

JQ, 



'Q 

then V'^"^?/ is Holder continuous on Qi for any k gN, and for each k we have 
the estimate 

max |V*''^"^u| < Ck ■ 
Qi 
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We will now prove Theorem 13.31 by using the backwards uniqueness, unique 
continuation and smallness criterion results (Theorem 13.71 Theorem 13.111 and 
Lemma l3.13p to establish the following stronger version of Lemma [ 



Lemma 3.14. Suppose uq G and set u := N S{uq). Suppose there exist some 
T G K such that < T < +oo and T < T*{uo) and a sequence of numbers {s„} 
such that < s„ T such that the following two properties hold: 

(1) sup ||w(t)||3 < +00 and 
te(o,T) 

(2) lim / \u{x, Sn)]"^ dx = foranyR>0. 



Then uq ^ u = 0. 



(The case T < T*{uo) implies Lemma 13.61 due to the continuity properties of 
mild solutions.) Note the immediate corollary that there exists no uq G such 
that T*{uo) < +00 and (1) and (2) hold with T = T*{uo), since the conclusion 
of Lemma [231 implies that T*{uo) = T*{0) = +oo by Theorem [2H This will 
exactly rule out the critical element produced in Theorem l3.1l and prove the reg- 
ularity criterion p.ip . Let us postpone the proof of Lemma l3.14l for the moment. 

Proof of Theorem 13. 3t As in Theorem 13.21 define Ac by p.2[) and suppose 
Ac < +00, and let uq G with associated mild solution u :— NS{uo) satisfy 
T* := r*(uo) < +00 and ||u|| ^ . i = Ac. 

Fbc any {tn} C [0,r*) such that t„ T* , and let s„ T* , A„ +oo 
and {xn} C M.^ be the associated sequences guaranteed by Theoreni l3.21 Using 
the conclusion of the same theorem, define 

Vn{x) = —U ,S„ 

An \ An 

for any x G M"^ and pass to a subsequence in n so that Vn ^ v in. for some 
V (£ L^. We now make the following important claim: 

Claim 3.15. For s„ T* as above and for any R > 0, 



n— >-oo 



lim / |m(x, s„)p dx = 

'Bn(O) 



Proof of Claim \3A5\ Fix i? > 0. We calculate: 



\u{x,Sn)\'^ dx ^ / \XnVniXnX + Xn)\^ dx 

\x\<R J\x\<R 



(An)-' / \vn{y)f dy^:{Xn)-'\K\\h^s^) . 

J\y-x^\<\„R 
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For any small e > 0, define -BeA„i?, := ^eA„i?(0). We then estimate 

(A„) ^||^'n|lL2(5^) = (A„) ^||Wji|li2(B^nBcA„H) + ('^n) ^ 1 1 1 1 L2(B,^nS^^^^^ 

<C(A,)2ei? + 4Ci?||z;||i3(B.^^^) 

for sufficiently large n. The first term of the last line is arbitrarily small for 
small e, and for fixed e the second term is arbitrarily small for sufficiently large 
n due to the fact that A„ — >■ +00. This proves the claim. □ 

Assuming Lemma 13.141 holds and taking T — T* , Claim 13.151 clearly completes 
the proof of Theorem 13.31 Therefore it remains only to establish the following: 

Proof of Lemma I3.14t Since T — T* = T*{uo) is the application we seek, 
we will consider only that case (the case T < T*{uo) is even easier). Assume 
therefore that uq £ is such that T*{uq) < +00, 

sup ||w(t)||3 < +00 
te{0,T'{uo)) 

where u = NS{uq), and there exists {sn} with s„ T* as n — >■ 00 such that 




for any fixed R > 0. 

Recall that PF = F — W-^W ■ F for a vector field F, and for a tensor G we 
can write -^(V • (V • G)) = • • G)) = 7^,7^,G,y , where (7^,g)^(C) = 

^g(^) and we sum over repeated indices. Therefore, letting G — u(^u, F = V-G 
and defining p := TZtlZjUiUj, we have 

PV • (u «) u) = V • (u (g) It) + Vp . 

Note that p is well-defined as a distribution since TZk : boundedly for 

each k by the Calderon-Zygmund theory, so that 

(3.31) \\p{t)\\.<C\\u{t)\\l, 

henc p £ -^|,oo- Moreover, p satisfies the equation —Ap{t) — didjUi{t)uj{t) 
in distributions and therefore p{t) is smooth in x for any t £ {0,T*) since u{t) 
is smooth for such t. Moreover, setting Br ~ Br{xo) for any fixed xq £ M."^ and 

^^We adopt the notation of 1141 . setting Lp^oo = Lf^ for p > 1, and denote the corre- 
sponding norm by |1 ■ ||p,oo- 
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any r > 0, we have the following estimates from the classical elliptic theory (see, 

e.g., m) 



(3.32) \\p{-,t)\\ck,a,i^B^) 

For any t e (0, T*), we now have 

u{t) = e*^u„ - f e'^'-'^'^iV ■{u(g)u) + Vp](s) ds . 
Jo 

It is clear that u e no<T<T*iioc unif a;^t (^^ ^ i^iT)), due to the fact that 
u G -^3.00- Therefore u satisfies (see |32]: Theorem 11.2) 

(3.33) ut - Am + V • (m «) It) + Vp = , V • u = 

in distributions. We now claim that the pair {u,p) locally forms a suitable weak 
solution, in the sense of Definition 13.121 

Recall that, by construction, u G L^(R^ x (0,T)) for any T < T*, so that 
the "Ladyzhenskaya-Prodi-Serrin" regularity condition (see, e.g., [H]) implies 
that u is smooth on M."^ x (0,T*) (or, alternatively, the construction gives 
u G L°°(R'^ X (e,r* — e) for any e > and hence is smooth, see, e.g., [37] . 
Prop. 15.1). Therefore p.3ip and p.32p together imply that p{t) is smooth in 
X for < t < T* and V^p G L^ci^^ x (0, T*)) for any k. 

We clearly have u £ L°° {{0,T*); L'^{0)) for any bounded O CC M^. Since 
u and p are sufficiently smooth on R'^ x (0,r*) we may multiply the equation 
p.33p by u(p for (p as in Definition 13 . 121 and integrate by parts to derive the local 
energy inequality in O x (0, T*) for a suitably larger region such that O CC O, 
which implies that u G L'^{{0,T*); H^{0)). (Indeed, the integrations by parts 
happen only at the level of integration in x, and then (u^p) G is.oo x Ls ^ 
allows integration in t.) Noting also that we have 

(3.34) / / (^\u\' + \p\^)dxdt<T*i^\\u\\l^ + \\p\\I Jj<<x, 

we see that p e L2{0 X (0,r*)). The pair {u,p) now clearly satisfies all the 
requirements to form a suitable weak solution to NSE in O x (0,T*) for any 
O CC R^ 

Equation (|3.34p implies moreover that for any e > one can find i? > large 
enough that 




|up + ) dx dt<e 



for all xq such that |a;o| > R. Therefore, due to Lemma 13.131 (and an appropriate 
scaling argument), we see that u is smooth on := (R^\i?i^(, (0)) x [(3/4)T*,T*] 
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for some sufficiently large Rq, and by shifting spatial regions, we have the global 
bounds 

(3.35) maxlV'^-^Ml < cfc , fc= 1,2,3,... 

n 

Since u is continuous up to T* outside -B_Ro, Claim 13.151 now implies that 
u{x, T*) = for all x such that > Rq. We therefore also have lo := Va; x u = 
on (R^\J5flQ) X {T*}. Taking the curl of equation p.33p . we see that the vorticity 
Lu satisfies the inequality 

\ijjt - Awl = |(u • V)w - (w • V)u| < c{\lo\ + IVcjI) 

in il for some c > due to (|3.35p . Since uj is bounded and smooth in f7, we can 
apply the backwards uniqueness theorem. Theorem 13.71 to conclude that w = 
in fi. 

Now, in := X ((3/4)r*, (7/8)r*] we have u, and hence w, is smooth, 
hence D'^DIlo G iL(f^) for all m, /c > 0. We can therefore apply the theorem 
of unique continuation. Theorem 13. Ill to w, since w = in 17 H il, to conclude 
(by appropriate shifting of local regions) that w = in f2. Therefore, due to the 
divergence-free condition, u is harmonic in which, along with the fact that 
u S ^3,00 J implies u = in fJ. It is then easy to apply Theorem 13.71 again (see 
the proof of Lemma to see that uq = u = Q which proves Lemma [3.141 and 
concludes the proof of Theorem 13.31 and Theorem 10.11 □ 
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